In this paper we study the existence of (quasi)bound states in two spacetime geometries describing Schwarzschild and Reissner-Nordström black holes. For obtaining this type of states we search for discrete quantum modes of the massive Dirac equation in the two geometries. After imposing the quantization condition, an analytical expression for the energy of the ground states is derived.
I. INTRODUCTION
The propagation of quantum fields with zero or non-zero spins in different black hole backgrounds were intensively studied in the literature. The vast majority of these studies made use of numerical techniques to investigate the specific task at hand. Moreover, due to the complexity of the equations involved, analytical methods were used less often and only for certain problems. For example, although the problem of fields scattering by different types of black holes received much attention [1] [2] [3] [4] [5] [6] [7] [8] [9] [10] [11] [12] [13] [14] [15] [16] [17] [18] [19] , only recently the authors of Refs. [20] [21] [22] [23] [24] have found analytical phase shifts.
The configurations that a quantum field could take in the surroundings of a black hole depend on the specific boundary conditions imposed to the field at the black hole horizon, respectively at infinity. All these configurations can have complex frequencies who's real part (magnitude) give rise to oscillations rates and the imaginary part is related to the rate of decay of the states. Thus one can have quasinormal modes that are purely ingoing at the horizon and outgoing at infinity. These are the most studied configurations [25] [26] [27] [28] [29] [30] [31] [32] [33] [34] [35] [36] [37] [38] [39] [40] [41] [42] [43] [44] . One can also have stationary resonances and dynamical resonances (for a detailed discussion on these configurations see Refs. [45, 46] and also Ref. [47] ). This problem is also discussed in Refs. [48] [49] [50] [51] [52] [53] . The existence of pure gravitational bound states (the analogues of the electromagnetic bound states) is believed do not exist in black hole geometries due to the singularity present, that acts as a current sink. However, quasibound states that can be long lived do exist and for the Dirac field refs. [54] [55] [56] [57] were among the first papers that studied them. Other studies of quasibound states in different black hole spacetimes can be found in refs. [58] [59] [60] [61] [62] [63] [64] [65] [66] [67] [68] [69] [70] [71] [72] [73] [74] .
In this paper we will study the quasibound states of the massive Dirac field in Schwarzschild and Reissner-Nordström black holes, with a focus on the last one. Using the discrete spectrum of the Dirac equation in these black holes we derive analytically the energy of the quasibound states. The formula obtained for the energy is only an approximative one so that we are restricted to make only a qualitative analysis of the quasibound state spectrum. The organization of the paper is as follows. In Sec. II we discuss the Dirac equation in a Reissner-Nordström background and the derivation of the discrete quantum modes, while in Sec. III using a quantization condition an approximative formula for the energy of the quasibound states in this geometry is obtained. In the next Sec. IV we discuss the results obtained and the final Sec. V is kept for Conclusions.
II. SOLUTIONS OF THE DIRAC EQUATION: DISCRETE QUANTUM MODES
The first solution of an electrically charged black hole was the Reissner-Nordström solution, having as the line element the following expression
with
and were M stands for the mass of the black hole and Q it's total electrical charge. By setting h(r) = 0 we find that the RN black hole has two horizons, a Cauchy inner horizon (r − ) and an outside event horizon (r + ), given by
Being electrically charged the black hole will produce in it's exterior an electrostatic potential of Coulomb type Q/r and a fermion with elementary electric charge e = ± √ α [82] will have the following potential energy
Using the Cartesian gauge [76, 78] it was showed that in a curved space-time of a spherically symmetric black hole [20, 21, 76] the Dirac equation iγ a D a ψ−mψ = 0 can be separated into an angular and radial part. The angular part turns out to be the same as in relativistic flat spacetime theory, thus that the fundamental solutions for the particle-like energy eigenspinors of energy E will be of the form
were f ± E,κ (r) are the unknown radial wave functions, while Φ ± m,κ (θ, φ) are the usual 4-component angular spinors [79, 81] and for κ we use the convention κ = ±(j + 1/2) with
The reaming radial part of the Dirac equation can be brought to a Hamiltonian form
The above exact radial problem has no known analytically solutions. For obtaining analytical solutions we are forced to resort to a method of approximation. We will focus here on finding the discrete quantum modes that allow for the existence of quasibond states in a region far away from the Reissner-Nordström black hole. The continuous modes and the scattering of fermions by Reissner-Nordström black holes were discussed in our previous paper [21] .
After introducing the Novikov variable
one multiplies the resulting equation with x −1 (1 + x 2 ) and then for large values of x take a
Taylor expansion with respect to 
where we have introduced the notations
By introducing the functionsf ± E,κ (x) defined by [21, 76] f
one can solve analytically the resulted equations for the new radial wave functionsf ± (x).
A bound/quasibound state is in fact a normalisable (or at least square integrable) solution to the massive Dirac equation that behaves as an ingoing wave at the horizon, while in the far field region falls off exponentially. The discrete quantum modes that give rise to this kind of states with discrete energy levels are obtained by solving the above radial Dirac equation in the case µ > ε. As in Ref. [76] where the Schwarzschild discrete modes were found, by applying the same method and after some computations the following particular solutions of the Dirac equation in a Reissner-Nordström background are found [77] 
that depend on the parameters
while the two normalisation constants must satisfy
In the next section we will use these solutions to find bound/quasibound states in the geometry of a Reissner-Nordström black hole.
III. ENERGY OF THE QUASIBOUND STATES
The solutions (11) obtained in the previous section are similar to the discrete wave functions of the hydrogen atom [79] . Using this observation, the bound state energies of the fermions in the geometry of a Reissner-Nordström black hole can be found by imposing the standard quantization condition that the first argument of the hypergeometric function be a negative integer
with n r = 0, 1, 2, 3... the radial quantum number, related to the principal quantum number by n r = n − |κ| = n − j − 1/2. Substituting the parameters defined in eq. (12), the quantization condition (14) becomes
This is a messy equation for the energy E (contained in ε) of the bound states. The existence of a nonvanishing inward current at the black hole horizon [2] implies that the bound state must decay and it's more appropriate to name these states quasibound states. For that reason the energy of the quasibound state will have a real and an imaginary part [2, 80] .
However, eq. (15) can have also pure real solutions for particular sets of parameters, but we must keep in mind that eq. (15) is only approximative. In Section IV we will focus on finding and discussing only the real solutions to eq. (15).
Let us now briefly discuss analytically the limiting cases of eq. (15). After some manipulations, relation (15) can be brought into the form [77] 
Furthermore, if we assume that the energy of the quasibound state is close to the rest energy of the fermion mc 2 , then by taking the limit ε → µ in the right hand side part of eq. (16), the following approximative expression for the energy of the quasibound state of a fermion in Reissner-Nordström geometry is obtained
The Schwarzschild result for the energy of a quasibound state, first derived in ref. [76] , is recovered by canceling the black hole's electric charge i.e. making Q = 0 in eq. (17) to
Eq. (17) reduces in the limit M → 0 to the formula for the discrete energy levels of the relativistic Dirac-Coulomb problem (see ref. [81] )
Moreover, if M = 0 the approximative solutions (11) also reduce to the exact solutions of the Dirac-Coulomb problem [81] . equation (15) and the states are labeled with the standard spectroscopic notation nL j .
Thus the set of quantum numbers (n = 1, l = 0, j = 1/2, κ = −1) corresponds to the energy state labeled 1S 1/2 ; the set (n = 2, l = 1, j = 1/2, κ = 1) is attributed to the state 2P 1/2 ; (n = 3, l = 2, j = 3/2, κ = 2) to the state 3D 3/2 and so on. Because eq. (15) depends only on κ 2 the states of the form nS 1/2 and nP 1/2 will give (in the approximation used here) states with the same energy i.e. we will have degenerate levels.
Let us start by analysing what happens with the energy of the ground state, that has n r = 0. In this case eq. (15) has two solutions given by the following expression
By imposing the condition
the ground state will always have a real energy, otherwise the energy of the state becomes complex. For certain values of the parameters in eq. (20) and after imposing the condition 0 < E 0 mc 2 < 1, only one of the two solutions is physical. In Fig. 1 we compare the energy of the Reissner-Nordström ground state with the relativistic Dirac-Coulomb energy for the 1S 1/2 and 2P 3/2 stats. We observe that the two energies agree quite well for a small value of the gravitational coupling mM. However, as the mass of the black hole is increased, the energy of the ground states start to depart from each other. appears, who's width increases for higher states. The maximum is present only for the case eQ > 0 (see also Fig. 5 ).
For states with n r = 0, equation (15) can not be solved analytically. Searching for numerical solution using Maple, we have found that for values of mM ≤ α 0 , eq. (15) has only one positive real solution. For values outside this interval, we were unable to find numerical solutions with Maple. We found that for the states with n > |κ| the value of α 0 < n. In In Fig. 4 we compare the energies of Schwarzschild and Reissner-Nordström quasibound states for 1S 1/2 , 2P 3/2 and 3D 5/2 states. We observe that for a fixed value of the gravitational coupling (i.e. the parameter mM) the effect of adding only a few negative charges to the black hole (eQ > 0), assuming a negatively charged fermion, will result in a ReissnerNordström quasibound state with a higher energy compared with the energy of the same Schwarzschild quasibound state. Furthermore, adding positive charges (eQ < 0) to the black hole will lower the energy of the Reissner-Nordström quasibound state. If more charge is added to the black hole, the difference in energy will increase further, as can be observed in the right panel of Fig. 4 . two different values of the gravitational coupling α g . This effect can be observed only for black holes that have the same type of charge as the fermion (i.e. eQ > 0). This is the case corresponding to electromagnetic repulsion, when the fermion scattering intensity takes higher values [21] . Furthermore, as one varies the parameter mM the energy of a RN quasibound state increases for small values of mM up to a maximum and then it starts again to decrease. In the case of eQ < 0 these effects are not observed as can be seen from the figure in the right panel.
V. CONCLUSIONS
In summary, we have studied the (quasi)bound states of the Dirac filed in Schwarzschild and Reissner-Nordström black hole geometries, with a focus on the later one. These states were obtained by applying a quantization condition to the discrete quantum modes of the Dirac equation in the two geometries. For the ground state (having the radial quantum number n r = 0) we were able to find an analytical expression for the energy of the state. For the states with n r = 0 we used Maple to compute numerically the energy of the states. We have found that the Reissner-Nordström quasibound states have higher energies compared with the Schwarzschild quasibound states if the black hole and the fermion have chargees with the same sign, otherwise the energy of the state is lower.
